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Abstract
We present a variational formulation of Einstein-Maxwell-dilaton theory in flat spacetime, when
the asymptotic value of the scalar field is not fixed. We obtain the boundary terms that make the
variational principle well posed and then compute the finite gravitational action and corresponding
Brown-York stress tensor. We show that the total energy has a new contribution that depends of
the asymptotic value of the scalar field and discuss the role of scalar charges for the first law of
thermodynamics. We also extend our analysis to hairy black holes in Anti-de Sitter spacetime and
investigate the thermodynamics of an exact solution that breaks the conformal symmetry of the
boundary.
1
1 Introduction
Scalar fields play a central role in particle physics and cosmology and arise naturally in the high energy
physics unification theories. It is then important to understand generic properties of gravity theories
coupled to scalars (and other matter fields), particularly the role of scalars for black hole physics.1
The low energy effective actions of string theory correspond to (consistent truncations of) gauged
supergravities (see, e.g., [7] and references therein) and some of the accepted wisdoms of general
relativity may be reconsidered in this context. One of the important differences is that, contrary
to fixing the boundary conditions as in general relativity, the boundary conditions in string theory
are determined by dynamical vacuum expectation values (VEVs) of the moduli. An important and
unusual consequence is that, for the non-extremal black holes in string theory, both the mass and
area of the horizon depend in a non-trivial way on the asymptotic values of the moduli φa∞ (here, a
labels different scalars), which leads to a drastic modification of the first law of (static) black hole
thermodynamics [8]:
dM = TdS +ΨdQ+ΥdP +
(
∂M
∂φa∞
)
dφa∞ (1)
where Ψ and Υ are the electric and magnetic potentials, and the coefficients of φa∞ are computed at
fixed charges and entropy, (
∂M
∂φa∞
)
S,Q,P
= −Gab(φ∞)Σb (2)
With the notations of [8], Gab(φ∞) is the metric of the moduli space and Σa are the scalar charges
that can be read of from the asymptotic expansion of the scalar field at the spatial infinity:
φa = φa∞ +
Σa
r
+O(
1
r2
) (3)
A similar proposal appears in the context of AdS/CFT duality where, for an exact hairy black hole
solution that is asymptotically AdS, it was found that the first law should be modified by an additional
conjugate pair (X,Y ) of thermodynamic variables [9]:
dM = TdS +ΨdQ+ΥdP +XdY (4)
These quantities, (X,Y ), are expressible as functions of the conserved charges (M,P,Q) and were
interpreted in their own right as a scalar charge and its conjugate potential [9].
One problem with the first law of thermodynamics (1) for stringy black holes is that the scalar
charges are not conserved charges. They correspond to degrees of freedom living outside the horizon
(the ‘hair’) and are not associated to a new independent integration constant, that is why it is called
‘secondary hair’. In string theory, the scalar fields (moduli) are interpreted as local coupling constants
and so a variation of their boundary values is equivalent to changing the couplings of the theory. A
resolution was proposed in [10] (see, also, [11]): one can in principle redefine the charges so that the
mass and scalar charges do not depend of φ∞, but the price to pay is that the new ‘dressed electric
and magnetic charges’ are not the physical ones. If the asymptotic value of the scalar field is non-zero,
but fixed directly in the action, φ∞ = const., that corresponds to a different theory with a different
coupling (the factor eφ∞ is absored in the coupling constant not in the values of the charges) for the
gauge field and, within that theory, the term Σdφ∞ vanishes. This proposal was made concrete in [12]
where, by using the ‘phase space method’, it was shown that this is a valid integrability condition and
there is no need for an extra contribution of the scalar field in the first law.
1Some recent interesting applications can be found in [1–6].
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However, we would like to emphasize that the proposal of Gibbons, Kallosh, and Kol [8] is about
a variation of the boundary conditions for the scalar fields and so, despite the arguments in [10, 12],
it stays robust and intriguing. The main question, which still remains, is then why the scalar charges
that act as sources for the moduli, but are not conserved, appear in the first law of black hole
thermodynamics when considering variations of φ∞?
In this work, we investigate the role of non-trivial boundary conditions of the scalar field in
Einstein-Maxwell-dilaton theory. We are interested in asymptotically flat hairy black hole solutions
for which the asymptotic value of the scalar can vary and asymptotically AdS dyonic hairy black hole
solutions for which the scalar breaks the conformal symmetry of the boundary. In flat spacetime, we
obtain a well-posed variational principle by adding a new boundary term to the action, which permits
us to compute the correct total energy, and clarify the role of the (non-conserved) scalar charges to
the first law of thermodynamics [8]. Armed with the intuition from flat spacetime, we show that
once the energy is also correctly obtained in AdS spacetime [13], when the boundary conditions of
the scalar field do not preserve the isometries of AdS at the boundary [14], the first law is satisfied
and there is no need to consider an extra contribution from the scalar field. These considerations
are of special interest when considering the embedding in string theory and the scalar field (dilaton)
becomes dynamical and for AdS holographic applications, e.g. the hairy black holes can be used to
describe symmetry breaking or phase transitions in the dual quantum field theory.
2 Asymptotically flat hairy black holes
In this section, we propose a variational principle for asymptotically flat hairy black holes when the
boundary values of the scalar fields can vary and show that the total energy has a new contribution
that is relevant for thermodynamics. The goal of this section is to discuss this issue concretely in the
simplest possible non-trivial setting, namely we are going to use the quasilocal formalism of Brown
and York [15] for a theory with only one scalar field that is coupled to the gauge field.
2.1 The first law of hairy black hole thermodynamics
We start with a brief review of [8] and, for clarity, we explicitly obtain the scalar charge term in the first
law for an exact hairy black hole solution. Besides the graviton, every string theory contains another
universal state, a massless scalar called the dilaton φ. We consider the Einstein-Maxwell-dilaton action
I [gµν , Aµ, φ] = Ibulk + IGH =
1
2κ
∫
M
d4x
√−g
(
R− eαφFµνFµν − 2∂µφ∂µφ
)
+
1
κ
∫
∂M
d3x
√
−hK (5)
where κ = 8πGN and, with our conventions, GN = 1. The second term is the Gibbons-Hawking
boundary term and K is the trace of the extrinsec curvature Kab defined on the boundary ∂M with
the induced metric hab.
The coupling between the scalar field and gauge field in the action (5) appears in the low energy
actions of string theory for particular values of α, though in our analysis we are going to keep α
arbitrary. The equations of motion for the metric, scalar, and gauge field are
Eµν := Rµν − 2∂µφ∂νφ− 2eαφ
(
FµαFν
α − 1
4
gµνFαβF
αβ
)
= 0 (6)
1√−g ∂µ
(√−ggµν∂νφ)− 1
4
αeαφFµνF
µν = 0 (7)
∂µ
(√−geαφFµν) = 0 (8)
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The general metric ansatz for a static dyonic hairy black hole solution is
ds2 = −a2dt2 + a−2dr2 + b2(dθ2 + sin2 θ dϕ2) (9)
where the metric functions have only radial dependence, a = a(r) and b = b(r). The gauge field
compatible with this ansatz and the equations of motion is
F = −qe
−αφ
b2
dt ∧ dr − p sin θ dθ ∧ dϕ (10)
The combination Ett +E
θ
θ leads to an integrable equation (a
2b2)′′ = 2 (where the prime symbol means
derivative with respect to r) with the general solution
a2 =
(r − r+)(r − r−)
b2
(11)
Since we are interested in asymptotically flat solutions, we consider the boundary expansion a2 =
1 +O(r−1) that fixes the fall-off of the other metric function as
b2 = r2 + βr + γ +O(r−1) (12)
By using this expressions into the combination Ett −Err = 0, which leads to the equation b′′+ bφ′2 = 0,
we obtain the following asymptotic form of the scalar field
φ = φ∞ +
Σ
r
+O(r−2) (13)
where φ∞ is the boundary condition for the theory we have considered (for the scalar field) and Σ is
the scalar charge. One can easily obtain that 4Σ2 = β2−4γ and for β = 0 we have b2 = r2−Σ2, which
is indeed the case for the exact solution in the theory with α = −2 that will be presented below.
To concretely check the steps for obtaining (1), we are going to use an exact four dimensional
hairy black hole solution [16], when the magnetic charge vanishes and the scalar is coupled with the
exponential parameter α = −2. The equations of motion can be analitically solved for any value of α
(see, [17]) and the exact black hole solution is
a2 =
(r − r+)(r − r−)
r2 −Σ2 , b
2 = r2 −Σ2 , φ = φ∞ + 1
2
ln
(
r +Σ
r − Σ
)
(14)
where
r− = −Σ, r+ = Σ− (qe
φ∞)2
Σ
(15)
The ADM mass [18,19] is obtained by expanding the gtt component of the metric,
− gtt = a2 =
Σr + (qeφ∞)2 − Σ2
Σ(r − Σ) = 1 +
(
qeφ∞
)2
Σr
+O
(
r−2
)
(16)
which leads to the following expression:
M = −
(
qeφ∞
)2
2Σ
(17)
with the scalar charge negative, Σ < 0. The physical (conserved) electric charge Q is computed, as
usual, by integrating the equation of motion for the electric field and, with our conventions, the result
is
Q =
2
κ
∮
e−2φ ⋆ F =
2
κ
∮
e−2φ
(
1
4
√−gǫαβµνFαβdxµ ∧ dxν
)
= q (18)
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At this point, it is important to observe that, when evaluating on an exact solution, Σ is not an
independent integration constant and the solution is regular2 only if 2M2 − Q2e2φ∞ > 0. With the
mass (17), one can explicitly check the first law (1), which contains the extra term proposed in [8],
and Smarr formula
M = 2TS +QΨ (19)
that, despite the extra term in the first law, does not contain the Σφ∞ contribution.
2.2 Total energy and Brown-York formalism
There are by now examples [11, 20–28] of the first law of thermodynamics and conserved charges
obtained by using the quasilocal formalism of Brown and York [15] supplemented with counterterms
for asymptotically flat spacetimes [21, 29–31]. For Einstein-Maxwell theory in four dimensions, the
action (5) should be supplemented with a counterterm that cancel the IR divergencies,
I = Ibulk + IGH + Ict , Ict = −
1
κ
∫
∂M
d3x
√
−h
√
2R(3) (20)
where R(3) is the Ricci scalar of the 3-dimensional boundary metric hab. In the presence of a magnetic
field, one should also carefully consider the variational principle for the gauge field [32].
For simplicity, we start with the boundary condition when Σ is constant in the fall-off (13).
However, at the end of this section we present the boundary term for a general boundary condition
of the form Σ(φ∞) that leads again to the same physical interpretation. For Einstein-Maxwell-dilaton
theory, due to the variation of the moduli, to obtain a well defined variational principle when the
scalar charge Σ is kept fixed, we have to add a new boundary term:
Iφ = −
2
κ
∫
∂M
d3x
√
−h
[
φ∞
Σ
(φ− φ∞)2
]
(21)
To get the free energy F of a hairy black hole, we shall compute the on-shell action on the Euclidean
section:
IE = βF = β (M − TS −QΨ− PΥ+Σφ∞) (22)
where the periodicity of the Euclidean time is related to the black hole temperature by β = 1/T .
We observe that there is an extra term Σφ∞ that is, in fact, coming from the scalar field counterterm
Iφ, though, as we already saw, a similar term does not appear in the Smarr formula (19). This is an
important hint that a computation of the total energy could be different from the ADM mass when
considering the boundary term Iφ. With all the terms required for a correct variational principle, we
obtain the regularized quasilocal stress tensor of [20], but now supplemented with the contribution
from the scalar field
τab =
1
κ
[
Kab − habK − Φ(R(3)ab − habR(3))− habΦ+ Φ;ab
]
+
2hab
κ
[
φ∞
Σ
(φ− φ∞)2
]
(23)
where
Φ =
√
2
R(3) (24)
2When both (electric and magnetic) charges are non-zero, there exist two horizons. However, in this special case with
only one non-zero electric field, there exists only one horizon r = r+ because r = r− corresponds to a real singularity.
The regularity condition r+ > r− is, from a physical point of view, equivalent with the fact that there is a maximum
charge that can be carried by the black hole.
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If we consider a collection of observers on the boundary of a static black hole spacetime, since ξµ = δµt
is a Killing vector, they are going to measure the same (total) energy that is the conserved charge
associated with this specific Killing vector defined as [15]:
E =
∮
Ξ
d2Ξ
√
σnaξbτab (25)
Here, Ξ is a two dimensional closed surface with the unit normal na and the induced metric
σijdx
idxj = b2(dθ2 + sin2 θdϕ2) (26)
Since we are interested in static configurations, there are no gravitational waves and so there is no
need to consider the null infinity in our analysis. Evaluating this conserved quantity, (25), at the
spatial infinity, we obtain the following expression for the total energy:
Etotal =M + φ∞Σ (27)
This result was obtained for a fixed scalar charge, Σ = constant, and this leads to the following first
law of thermodynamics
dEtotal = TdS +ΨdQ+ΥdP (28)
with the Σdφ∞ reabsorbed in the total energy of the spacetime, which is different from the ADM
mass.
We should now consider a more general boundary condition of the form
Σ ≡ dW (φ∞)
dφ∞
(29)
which is very similar with the one proposed in [33] for the hairy black holes in AdS. When evaluating
on an exact solution, this is an integrability condition for the Hamiltonian mass, which is equivalent
to the one for AdS (see the eq. (17) of [13] and the comments there) . The general boundary term is
now
I˜φct = −
2
κ
∫
∂M
d3x
√
−h
[
(φ− φ∞)2
Σ2
W (φ∞)
]
(30)
and matches (21) when Σ is constant. As expected, a similar computation of the total energy yields
the following result:
Etotal =M +W (φ∞) (31)
where M is the ADM mass obtained from the expansion of gtt at spatial infinity.
3 Asymptotically AdS hairy black holes
In this section, we compute the energy of an exact dyonic hairy black hole proposed in [9] and check
the first law of thermodynamics.3 We follow closely [13] because it is technically easier from a practical
point of view4 and the energy can be read of directly from the metric even if the trace anomaly does
not vanish. We are going to show that, even when the boundary conditions for the scalar field breaks
the conformal invariance, the first law is again satisfied without introducing the extra terms depending
of the scalar charges.
3In the past years, there were constructed exact regular hairy black hole solutions [34–39] for a specific moduli
potential, which finally was shown to correspond to extended supergravity models [40, 41] and our analysis can be also
applied to this case.
4The counterterm method in AdS was developed in [42–44] and in the presence of scalar fields with mixed boundary
conditions in [45–47].
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3.1 Dyonic hairy black hole
We consider the theory described by the action [9]
I =
1
2κ
∫
M
d4x
√−g
[
R− 1
2
(∂φ)2 − 1
4
e−
√
3φF 2 +
6
l2
cosh
(
1√
3
φ
)]
(32)
and the following regular static dyonic hairy black hole,
ds2 = −(H1H2)−
1
2 fdt2 + (H1H2)
1
2
[
dr2
f
+ r2
(
dθ2 + sin2 θ dϕ2
)]
(33)
φ =
√
3
2
ln
(
H2
H1
)
(34)
Aµdx
µ =
√
2
(
1− β1f0√
β1γ2H1
dt+ 2µ γ−12
√
β2γ1 cos θ dϕ
)
(35)
where the relevant functions were obtained in [9]:
f = f0 +
r2
l2
H1H2 , f0 = 1−
2µ
r
(36)
H1 = γ
−1
1 (1− 2β1f0 + β1β2f20 ) , H2 = γ−12 (1− 2β2f0 + β1β2f20 ) (37)
γ1 = 1− 2β1 + β1β2 , γ2 = 1− 2β2 + β1β2 . (38)
We would like to verify the first law for this specific solution and explicitly check if the scalar
charge term is relevant for the termodynamics in this case [9]. The electric and magnetic conserved
charges can be easily obtained
Q =
µ
√
β1γ2
γ1
√
2
, P =
µ
√
β2γ1
γ2
√
2
(39)
and their conjugate potentials are
Ψ =
√
2
β1γ2
[
1− β1 −
1− β1f0(r+)
H1(r+)
]
, Υ =
√
2
β2γ1
[
1− β2 −
1− β2f0(r+)
H2(r+)
]
(40)
To compute the mass as in [9], we should use canonical coordinates for which the factor in front of
the angular part of the metric becomes b2 = ρ2 +O(ρ−1) in the asymptotic limit:
r = ρ+ c1 +
c2
ρ
+O(ρ−2) (41)
where
c1 =
µ(2β21β
2
2 − 3β21β2 − 3β1β22 + 6β1β2 − β1 − β2)
γ1γ2
, c2 =
3µ2(1− β1β2)2(β1 − β2)2
2γ21γ
2
2
(42)
With this change of coordinates, we obtain the following fall-off for the metric function:
− gtt = 1−
2M
ρ
+
ρ2
l2
= 1 +
ρ2
l2
− 2(1 − β1)(1− β2)(1− β1β2)µ
γ1γ2 ρ
+O(ρ−2) (43)
The first law is satisfied only if an extra term, XdY , is added [9]
dM = TdS +ΨdQ+ΥdP +XdY (44)
where
X =
4µ3(β1 − β2)
√
β1β32
l2(1− β1β2)γ22
, Y =
√
β1γ2√
β2γ1
(45)
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3.2 Boundary conditions and trace anomaly
As in the asymptotically flat case, we would like to understand if the term XdY can be reabsorbed
in a correct definition of the total energy.5 We follow closely [13,46] and first check that, indeed, the
boundary conditions for the scalar field break the conformal invariance [14]. The fall-off of the scalar
field is
φ(ρ) =
A
ρ
+
B
ρ2
+O(ρ−3) (46)
where
A(µ, β1, β2) =
2
√
3µ(β2 − β1)(1− β1β2)
γ1γ2
(47)
B(µ, β1, β2) =
2
√
3µ2(β1 − β2)(β31β22 + β21β32 − 8β21β22 + 6β21β2 + 6β1β22 − 8β1β2 + β1 + β2)
γ21γ
2
2
(48)
When β1 = 0 or β2 = 0, the coefficients A and B satisfy the conformal invariance condition B ∼ A2
and the solutions can be interpreted as triple-trace deformations in the dual field theory. However,
in general, when both electric and magnetic charges are non-zero, the conformal symmetry is broken.
Therefore, one also expects that this non-trivial behaviour of the scalar field with a general relation
between the coefficients A and B affects directly the thermodynamics. Concretely, when (asymptot-
ically) the isometries of AdS are preserved, the term XdY vanishes and so, as expected, the extra
contribution of the scalar field to the first law should be related to the trace anomaly. The Hamiltonian
mass can be read of directly from the gρρ (and not from gtt) and it has a new contribution due to the
back-reaction of the scalar field in the boundary (see the eqs. (12) and (18) of [13]):
gρρ =
l2
ρ2
+
Cl4
ρ4
+
Dl5
ρ5
+O(ρ−6) (49)
where the coefficients C = C(µ, β1, β2) and D = D(µ, β1, β2) are given by:
C = −1− 3µ
2(β2 − β1)2(1− β1β2)2
l2γ21γ
2
2
(50)
D =
2µ(1 − β1)(1 − β2)(1− β1β2)
lγ1γ2
+
8µ3(β2 − β1)2(1− β1β2)(β31β22 + β21β32 − 8β21β22 + 6β21β2 + 6β1β22 − 8β1β2 + β1 + β2)
l3γ31γ
3
2
(51)
As a double check, it is important to emphasize that the relations
C = −1− A
2
4l2
(52)
D =
2M
l
− 2AB
3l3
(53)
are satisfied and so, indeed, we can use the general result for the mass presented in [13,46]:
Etotal =
(1− β1)(1 − β2)(1 − β1β2)µ
γ1γ2
+
1
4l2
(
W − 1
3
AB
)
=M +
1
4l2
(
W − 1
3
AB
)
(54)
5It is interesting to observe that by keeping X constant for this particular solution, one obtains an integrability
condition similar with Σ constant for flat space.
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where B = dW
dA
. Notice that the conventions for the action in [46] are slightly different from ours and,
to match the results, one should rescale the scalar field accordingly.
It is a straightforward computation to show that the term XdY matches the variation of the extra
term in (54). Once again, by using the correct total energy, the first law of thermodynamics can be
rewritten as
dM = TdS +ΨdQ+ΥdP +XdY ⇔ dEtotal = TdS +ΨdQ+ΥdP (55)
and there is no need to add an extra contribution depending of the scalar charges.
4 Conclusions
In this paper, using ideas arising from the quasilocal formulation of energy and counterterm method,
we have revised the first law of hairy black hole thermodynamics and shown that the (non-conserved)
scalar charges can not appear as independent terms, neither in flat space nor in AdS. The work
of [48, 49] in which it was proven that there is no independent integration constant associated with
the scalar field for hairy black holes in AdS supports our conclusion for the AdS dyonic hairy black
hole.6
In string theory, there exists a dimensionless parameter gs (the string coupling) that is controlled
by the VEV of the dilaton, gs = e
<φ>, which is not fixed by the equations of motion. In fact, string
theory has no free parameters because all the coupling constants are fixed by moduli VEVs. Therefore,
the values of moduli at infinity, φ∞, can be interpreted as labelling a continous familiy of vacua of the
theory. Changing the asymptotic values of the moduli is similarly with changing the coupling constants
of the theory and so the same hairy black hole configuration can be interpreted in different theories.
This is unusual in general relativity because the boundary conditions are fixed, but quite common in
string theory. For example, to compute the black hole entropy of a supersymmetric extremal black
holes in string theory, one is doing a D-brane computation in the weak coupling regime and, since
this result is protected by supersymmetry, it remains the same in the strong coupling regime in which
the black hole exists. From the point of view of general relativity, we have shown that a variation
of φ∞, when keeping the scalar charge fixed, is producing a new contribution to the total energy of
the system and the first law of thermodynamics is satisfied without the need of including the scalar
charge contribution.
In AdS spacetime, a similar analysis can be done, though the interpretations are very different.
Our main observation is that the boundary conditions for the dyonic hairy black hole solution in [9]
break the conformal invariance and the correct energy should contain an extra contribution (due to
the trace anomaly), which was calculated in [13,46] (see, also, [33]). With this new expression for the
energy, the scalar charges do not contribute and the usual first law of black hole thermodynamics that
contains only the conserved charges is again satisfied for hairy solutions.
We would also like to comment on the attractor mechanism [52] in this context: for the hairy
extremal black holes, the horizon values of the moduli are fixed by the electric and magnetic charges,
so the entropy. First, it is important to emphasize that the interpretations of the attractor mecha-
nism in flat space and AdS are different. In flat space, even for extremal non-supersymmetric black
holes [53–55], the entropy does not depend of the asymptotic value of the moduli and so it is in-
variant with respect to the variation of the couplings. This simple observation is at the basis of the
exact computation of the extremal black hole microscopic entropy in string theory without super-
symmetry [10, 56]. However, in AdS spacetime, the moduli flow corresponds to an RG flow and the
6For other attempts to explain the extra term XdY in the first law of thermodynamics of the AdS dyonic hairy black
hole solution presented in [9], see [50,51].
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attractor mechanism in the dual field theory can be holographically interpreted as the fact that the IR
physics does not depend about the UV details [57–59]. Therefore, the attractor mechanism is about
the variation of φ∞, which is equivalent with a variation of coupling constants in flat space or an
holographic RG flow in AdS and can be interpreted as a no-hair theorem for the extremal hairy black
holes. Contrary to the claims of [12], the attractor mechanism stays robust (just in the extremal case
the entropy does not depend of the couplings) and there is no need to be revised.
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